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Abstract
In (Eur. J. Combin. 24 (2003) 631) we deﬁned a class of near polygons and conjectured that the
near 2n-gons from this class are precisely those near polygons which satisfy the following properties:
(i) every line is incident with exactly three points, (ii) every two points at distance 2 have at least two
common neighbours, (iii) there exists a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn of geodetically closed sub-near
polygons with the property that the sub-near 2i-gon Fi , i ∈ {0, . . . , n − 1}, is big in the sub-near
2(i + 1)-gon Fi+1. In the present paper we present a proof of this conjecture.
© 2004 Elsevier Inc. All rights reserved.
1. Introduction
1.1. Elementary notions
A near polygon is a partial linear space S = (P,L, I), I ⊆ P ×L, with the property that
for every point p ∈ P and for every line L ∈ L there exists a unique point on L nearest to
p. Here distances d(·, ·) are measured in the collinearity graph . If diam(S) denotes the
diameter of  (or of S), then the near polygon is called a near [2 · diam(S)]-gon. There
is a unique near 0-gon (one point, no lines), which we will denote by O. The near 2-gons
are precisely the lines. We will denote the unique line with i2 points by Li . The class
of near quadrangles coincides with the class of generalized quadrangles (GQs) which were
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introduced by Tits [16]. Near polygons themselves were introduced by Shult andYanushka
[15] because of their relationship with certain line systems in Euclidean spaces. Generalized
2n-gons [17] and dual polar spaces [3] form two important classes of near polygons.
A nonempty set X of points in a near polygon S = (P,L, I) is called a subspace if
every line meeting X in at least two points is completely contained in X. A subspace X
is called geodetically closed if every point on a shortest path between two points of X is
as well contained in X. Having a subspace X, we can deﬁne a subgeometry SX of S by
considering only those points and lines of S which are completely contained in X. If X is
geodetically closed, then SX clearly is a sub-near polygon of S. If a geodetically closed sub
near polygon SX is a nondegenerate generalized quadrangle, then X (and often also SX)
will be called a quad. (Recall that a generalized quadrangle is called degenerate if there
exists a point which is incident with each line.) Sufﬁcient conditions for the existence of
quads were given in [15]. For every point x of S we can deﬁne a partial linear space which
is called the local space at x and denoted by L(S, x). Its points, respectively lines, are
the lines, respectively quads, through x with containment as incidence relation. The partial
linear space obtained from L(S, x) by removing all lines of size 2 is called the modiﬁed
local space at x and denoted byML(S, x). Every nonempty set X of points is contained in
a unique minimal geodetically closed sub-near polygon C(X), namely the intersection of
all geodetically closed sub-near polygons through X. We deﬁne C(∅) = ∅. If X1, . . . , Xk
are sets of points, then C(X1 ∪ · · · ∪ Xk) is also denoted by C(X1, . . . , Xk). If one of the
arguments of C is a singleton {x}, we will often omit the braces and write C(· · · , x, · · ·)
instead of C(· · · , {x}, · · ·).
If A and B are two sets of points, then d(A,B) denotes the minimal distance between a
point of A and a point of B. IfA = {x}, then we also write d(x, B) instead of d({x}, B). For
every i ∈ N, i (A) denotes the set of all points p for which d(p,A) = i. If A = {x}, we
also write i (x) instead of i ({x}).
A near polygon is said to have order (s, t) if every line is incident with exactly s+1 points
and if every point is incident with exactly t+1 lines.A near polygon is called dense if every
line is incident with at least three points and if every two points at distance 2 have at least
two common neighbours. Dense near polygons satisfy several nice properties. By Lemma
19 of [2], every point of a dense near polygon S is incident with the same number of lines;
we denote this number by tS + 1. If x and y are two points of a dense near polygon then,
by Theorem 4 of [2], C(x, y) is the unique geodetically closed sub near [2 d(x, y)]-gon
through x and y. Since in a dense near polygon every two points at distance 2 are contained
in a unique quad, all local spaces are linear. Geodetically closed sub near hexagons of a
dense near polygon are called hexes.
A geodetically closed sub-near polygon F of a near polygon S is called big if F = S and
if every point outside F is collinear with a unique point (x) in F. If x ∈ F , then we deﬁne
(x) := x. The map  is called the projection on F.
1.2. Motivation and short overview
The aim of this paper is to prove the following result, which occured as a conjecture
in [12].
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Main Theorem. Let S be a dense near 2n-gon, n1, with three points on each line con-
taining a chain F0 ⊂ F1 ⊂ · · · ⊂ Fn−1 ⊂ Fn of geodetically closed sub-near polygons
satisfying
(I) diam(Fi) = i for every i ∈ {0, . . . , n},
(II) Fi , i ∈ {0, . . . , n− 1}, is big in Fi+1.
Then S is isomorphic to an element of N×.
HereN× is a class of near polygons which we will deﬁne in Section 6. Substantial parts
of the Main Theorem were proved in [8–10,12,13]. The case which was still unsolved was
the case where the sub near polygon Fn−1 belonged to a certain class D of near polygons
(see Section 6 for the deﬁnition ofD). In Section 7 of the present paper wewill also treat this
case. Before doing this, we need to deﬁne the product and glued near polygons (Sections
2 and 3), derive new properties on glued near polygons (Section 4) and give the complete
classiﬁcation of GQs and dense near hexagons of order (2, ∗) (Section 5).
2. Product near polygons
For any near polygons S1 = (P1,L1, I1) and S2 = (P2,L2, I2), a new near polygon
(P,L, I) can be derived from S1 and S2. It is called the direct product of S1 and S2 and is
denoted by S1×S2. We have: P = P1×P2, L = (P1×L2)∪ (L1×P2), the point (x, y)
of S1 × S2 is incident with the line (z, L) ∈ P1 × L2 if and only if x = z and y I2 L, the
point (x, y) of S1×S2 is incident with the line (M, u) ∈ L1×P2 if and only if x I1 M and
y = u. If Si , i ∈ {1, 2}, is a near 2di-gon then S1×S2 is a near 2(d1+d2)-gon. If d1, d21,
then we call S1 × S2 a product near polygon. If S1 and S2 are dense, then also S1 × S2 is
dense and tS = tS1 + tS2 + 1. Clearly, the sets {P1×{x} | x ∈ P2} and {{y}×P2 | y ∈ P1}
determine partitions of S in geodetically closed sub near polygons. Now, let S denote an
arbitrary near polygon of diameter at least two. Then every isomorphism between a product
near polygonA1 ×A2 (diam(A1), diam(A2)1) and S will give rise to two partitions T1
and T2 of S in geodetically closed sub near polygons. We denote by 0(S) the set of all
pairs {T1, T2} arising in this way. If {T1, T2} ∈ 0(S), then the following holds:
(a) All elements of Ti , i ∈ {1, 2}, are isomorphic.
(b) Every element of T1 intersects every element of T2 in a point.
(c) Every line of S is contained in a unique element of T1 ∪ T2.
Conversely, if T1 and T2 are two partitions of a dense near polygon S satisfying (b) and (c),
then {T1, T2} ∈ 0(S) by Lemma 2 of [12]. Product near polygons can also be characterized
in the following way:
Lemma 1 (De Bruyn and Vandecasteele [12, Lemma 3]). Let A be a dense near 2(n1 +
n2)-gon and let F1 and F2 be two geodetically closed sub-near polygons for which the
following holds:
• diam(Fi) = ni1 (i ∈ {1, 2});
• F1 intersects F2 in a point x;
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• every line through x is contained in either F1 or F2.
Then A ∼= F1 × F2.
Remark. Since S1 × S2 ∼= S2 × S1 and S1 × (S2 × S3) ∼= (S1 × S2)× S3, also the direct
product S1 × S2 × · · · × Sk of k3 near polygons S1,S2, . . . ,Sk is well-deﬁned.
In [11], product near polygons are also called glued near polygons of type 0. In the
following section we deﬁne the glued near polygons of type 1.
3. Glued near polygons (of type 1)
The construction which we will present in this section was ﬁrst described in [4] for the
case of generalized quadrangles and in [7] for the general case. We ﬁrst give some relevant
deﬁnitions.
Deﬁnitions. Let A be a near polygon. If K and L are two lines of A, then by Lemma 1 of
[2], there are two possibilities. Either there exist unique points k ∈ K and l ∈ L such that
d(K,L) = d(k, l), or for every point k ∈ K , there exists a unique point l ∈ L such that
d(K,L) = d(k, l). In the latter case K and L are called parallel. A spread of A is a set S
of lines partitioning the point set of A. A spread S of A is called admissible if every two
lines of it are parallel. A spread S of A is called trivial, if there exists a partition T of A in
geodetically closed sub-near 2(diam(A) − 1)-gons such that {S, T } ∈ 0(A). A spread S
of A is called a spread of symmetry if for every line K ∈ S and for every two points k1
and k2 on K there exists an automorphism of A ﬁxing each line of S and mapping k1 to
k2. Every spread of symmetry is admissible. Every trivial spread is a spread of symmetry.
Spreads of symmetry satisfy the following property.
Lemma 2 (De Bruyn [7, Theorem 5]). Let S be a spread of symmetry of a near polygonA
and let F be a geodetically closed sub near polygon of A. Then the set SF of all lines of S
which are contained in F is either empty or a spread of symmetry of F.
Now, letA1 andA2 be two near polygons both with constant line size s+1, and suppose
that their respective diameters d1 and d2 are at least 2. Let Si = {L(i)1 , . . . , L(i)i }, i ∈ {1, 2},
be an admissible spread ofAi . In Si , a special lineL(i)1 is chosen which we will call the base
line of the spread Si . For every i ∈ {1, 2}, for all j, k ∈ {1, . . . , i} and for every x ∈ L(i)j ,
let p(i)j,k(x) denote the unique point L
(i)
k nearest to x. We put 
(i)
j,k := p(i)k,1 ◦ p(i)j,k ◦ p(i)1,j .
For every i ∈ {1, 2}, the group Si (L(i)1 ) := 〈(i)j,k|1j, ki〉 is called the group of
projectivities of L(i)1 with respect to Si .
For every bijection  between L(1)1 and L(2)1 , we consider the following graph  with
vertex set L(1)1 × S1 × S2. Two vertices (x, L(1)i1 , L
(2)
j1
) and (y, L(1)i2 , L
(2)
j2
) are adjacent if
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and only if exactly one of the following three conditions is satisﬁed:
(a) L(1)i1 = L
(1)
i2
, L
(2)
j1
= L(2)j2 and x = y,
(b) L(2)j1 = L
(2)
j2
, d(L(1)i1 , L
(1)
i2
) = 1 and (1)i1,i2(x) = y,
(c) L(1)i1 = L
(1)
i2
, d(L(2)j1 , L
(2)
j2
) = 1 and (2)j1,j2 ◦ (x) = (y).
By [7], the graph  has diameter d1+ d2− 1 and every two adjacent vertices are contained
in a unique maximal clique (of size s + 1). Considering these maximal cliques as lines, we
obtain a partial linear space S. If S is a near polygon, then it is called a glued near polygon
of type 1, or shortly a glued near polygon. (Glued near polygons of type 2 can also
be deﬁned, see [11], but we will not need them in this paper.) The following lemma gives
necessary and sufﬁcient conditions for S to be a near polygon.
Lemma 3 (De Bruyn [7, Theorem 14]). The partial linear space S is a near polygon if
and only if the commutator [S1(L(1)1 ), −1S2(L(2)1 )] is the trivial group of permutations
of L(1)1 .
The following lemma explains why the notion spread of symmetry is important in the
theory of glued near polygons.
Lemma 4 (De Bruyn [7, Theorem 16]). If S is a near polygon and if none of the spreads
S1 and S2 is trivial, then S1 and S2 are spreads of symmetry.
A near polygon S is said to be of type A1 ⊗ A2 if it can be obtained in the above-
described way from two near polygons A1 and A2. If there is no confusion about the
spreads S1 and S2, the base lines in these spreads and the map , then we will denote S also
byA1⊗A2. We will also use this notation for the near polygon if all near polygons of type
A1 ⊗ A2 are isomorphic. This latter property is not always satisﬁed, see for instance [6]
for counterexamples.
Let (A1,A2, S1, S2, L(1)1 , L(2)1 , ) be a tuple which gives rise to a glued near polygon
A1 ⊗A2. For each L ∈ S1 and eachM ∈ S2, let
T1(M) := {(x, L′,M) | x ∈ L(1)1 , L′ ∈ S1},
T2(L) := {(x, L,M ′) | x ∈ L(1)1 ,M ′ ∈ S2}. (1)
Then the sets T1 := {T1(M) |M ∈ S2} and T2 := {T2(L) |L ∈ S1} are partitions of
A1⊗A2 in geodetically closed sub-near polygons such that every element of Ti , i ∈ {1, 2},
is isomorphic to Ai . Now, if we have an arbitrary near polygon A, then with every tuple
which gives rise to a glued near polygon isomorphic toA, there corresponds a pair {T1, T2}
of partitions ofA in geodetically closed sub-near polygons. We denote by 1(A) the set of
all pairs {T1, T2} arising in this way. If {T1, T2} ∈ 1(A), then:
• all elements of Ti , i ∈ {1, 2}, are isomorphic;
• every element of T1 intersects every element of T2 in a line;
• if x denotes an arbitrary point of A and if Fi , i ∈ {1, 2}, denotes the unique element
of Ti through x, then every line through x different from F1 ∩ F2 is contained in either
F1 or F2.
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We will use these properties in the following characterization result.
Lemma 5 (De Bruyn [11, Theorems 9 and 10]). Let A be a dense near polygon and let
T1 and T2 denote two partitions of A in geodetically closed sub near polygons. For every
point x of S and every i ∈ {1, 2}, let Fi(x) denote the unique element of Ti through
x and put F ′i (x) := C(1(x) \ F3−i (x)). Suppose that diam(F1(x) ∩ F2(x)) = 1 and
1(x) ⊆ F1(x) ∪ F2(x) for every point x of A. Then at least one of the following cases
occurs:
(i) If F ′1(x) = F1(x) and F ′2(x) = F2(x) for every point x of A, then A is glued and{T1, T2} ∈ 1(A).
(ii) If there exists a point x∗ such that F ′1(x∗)∩F2(x∗) = {x∗}, thenA ∼= F ′1(x∗)×F2(x∗).
(iii) If there exists a point x∗ such that F ′2(x∗)∩F1(x∗) = {x∗}, thenA ∼= F1(x∗)×F ′2(x∗).
4. Properties of glued near polygons
4.1. Geodetically closed sub-near polygons and spreads of symmetry in glued near
polygons
Let A denote a dense glued near polygon and let {T1, T2} ∈ 1(A). For every point x of
A and every i ∈ {1, 2}, let Fi(x) denote the unique element of Ti through x. The relation
between the geodetically closed sub-near polygons of A through x and the geodetically
closed sub-near polygons of Fi(x), i ∈ {1, 2}, through x was studied in Section 3 of [11].
The following lemma was proved there:
Lemma 6 (De Bruyn [11, Section 3]). LetAi , i ∈ {1, 2}, be a geodetically closed sub near
polygon of Fi(x) through x, such thatA1∩F2(x) = A2∩F1(x). Then C(A1, A2)∩Fi(x) =
Ai for every i ∈ {1, 2}. Moreover,
• if A1 ∩ F2(x) = A2 ∩ F1(x) = {x}, then C(A1, A2) ∼= A1 × A2;
• if A1 ∩ F2(x) = A2 ∩ F1(x) = F1(x) ∩ F2(x) and if both A1 and A2 have diameter at
least 2, then C(A1, A2) is a glued near polygon of type A1 ⊗ A2.
Let S∗ denote the spread of A obtained by considering all lines F1 ∩ F2 where F1 ∈ T1
and F2 ∈ T2. For every spread S of A and every geodetically closed sub-near polygon F
of A, let SF denote the set of all lines of S contained in F. Each element F of T1 ∪ T2 is
classical: for every point x ofA, there exists a unique point F (x) on F such that d(x, y) =
d(x,F (x))+ d(F (x), y) for each point y of F.
Lemma 7. If S is a spread of symmetry ofA different from S∗, then the following holds for
exactly one i ∈ {1, 2}:
(a) for every F ∈ Ti , SF is a spread of symmetry of F,
(b) for all F,F ′ ∈ Ti , SF ′ = F ′(SF ) := {F ′(L)|L ∈ SF }.
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Proof. (a) Let K denote a line of S not contained in S∗ and let x be an arbitrary point of
K. Choose i ∈ {1, 2} such that K is contained in Fi(x) but not in F3−i (x). By Lemma 2,
SF3−i (x) is empty. Now, let F denote an arbitrary element of Ti and let y denote an arbitrary
point of F ∩ F3−i (x). Since SF3−i (x) is empty, the unique line of S through y is contained
in F. By Lemma 2, it then follows that SF is a spread of symmetry of F. This proves (a).
(b) Now, suppose that F and F ′ are two different elements of Ti and let L denote an
arbitrary line of SF . Let u denote an arbitrary point of L. If L ∈ S∗, then the unique line
of S through F ′(u) is contained in F3−i (u) and F ′ and hence coincides with F ′(L) =
F3−i (u)∩F ′. IfL ∈ S∗, then byLemma6,C(u,F ′(u), L) is isomorphic toL×C(u,F ′(u))
and intersects F ′ in the line F ′(L). By Lemma 2, the unique line of S through F ′(u) is
contained in C(u,F ′(u), L) and F ′ and hence coincides with F ′(L). As a consequence
SF ′ = F ′(SF ). 
4.2. Near polygons of type (F1 ∗ F2) ◦ F3
Lemma 8. Let F1, F2 and F3 be dense near polygons of diameter at least 2. Then every
near polygon A of type (F1 × F2) ⊗ F3 is also of type Fi × (F3−i ⊗ F3) for a certain
i ∈ {1, 2}.
Proof. Let x denote an arbitrary point of A. Let {T , T3} ∈ 1(A) such that F ∼= F1 × F2
for every F ∈ T and G ∼= F3 for every G ∈ T3, and let F(x), respectively F3(x), denote
the unique element of T, respectively T3, through x. Let {T1, T2} ∈ 0(F (x)) such that
F ∼= F1 for every F ∈ T1 and G ∼= F2 for every G ∈ T2, and let Fi(x), i ∈ {1, 2}, denote
the unique element of Ti through x. Without loss of generality we may assume that the line
F(x) ∩ F3(x) is contained in F2(x). By Lemma 6, F4(x) := C(F2(x), F3(x)) is a glued
near polygon of type F2⊗F3. Now, diam(A) = (diam(F1)+diam(F2))+diam(F3)−1 =
diam(F1)+ (diam(F2)+ diam(F3)− 1) = diam(F1)+ diam(F4) and every line through x
is contained in precisely one of the sub near polygons F1(x) and F4(x). So, A satisﬁes the
conditions of Lemma 1. Hence,A ∼= F1(x)×F4(x) andA is of type F1× (F2⊗F3). 
Lemma 9. Let F1 and F2 denote two dense near polygons of diameter at least 2, and let
A be a near polygon of type F1 ⊗ F2. If A is a product near polygon, then at least one of
the near polygons F1 and F2 is also a product near polygon.
Proof. Let {T1, T2} ∈ 1(A) such that every element of Ti , i ∈ {1, 2}, is isomorphic to
Fi , and let {T3, T4} be an arbitrary element of 0(A). Let x denote an arbitrary point of A
and letGi , 1 i4, be the unique element of Ti through x. For every i, j ∈ {1, 2, 3, 4} we
deﬁne Gi,j = Gi ∩Gj , di,j := diam(Gi,j ) and di := di,i . We then have d := diam(A) =
d1 + d2 − 1 = d3 + d4, d1,2 = 1 and d3,4 = 0. Without loss of generality, we may suppose
that the lineG1,2 is contained inG3. By Lemma 6, it follows that d3 = d1,3 + d2,3 − 1 and
d4 = d1,4 + d2,4. Hence, d = (d1,3 + d1,4)+ (d2,3 + d2,4)− 1. Now, C(G1,3,G1,4) = G1
and C(G2,3,G2,4) = G2; so d1d1,3 + d1,4 and d2d2,3 + d2,4. From d1 + d2 − 1 =
d = (d1,3 + d1,4)+ (d2,3 + d2,4)− 1d1 + d2 − 1, it then follows that d1 = d1,3 + d1,4
and d2 = d2,3 + d2,4. Since d4 = d1,4 + d2,41, we have dj,41 for a j ∈ {1, 2}.
Now, since G3 contains the line G1,2, we also have dj,31. Now, the pair {Gj,3,Gj,4}
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satisﬁes all conditions of Lemma 1 and hence Fj ∼= Gj ∼= Gj,3 × Gj,4. This proves the
lemma. 
Deﬁnition. Let T and T ′ denote two partitions of a set. Then T ′ is called a reﬁnement of T
if each element of T is the union of some members of T ′.
Lemma 10. Let F1, F2 and F3 denote three dense near polygons with diameter at least 2
and suppose that none of these near polygons is a product near polygon. If a near polygon
S is of type (F1 ⊗ F2) ⊗ F3 and if {T , T3} ∈ 1(S) such that every element of T is of
type F1 ⊗ F2 and every element of T3 is isomorphic to F3, then there exists an element
{T˜1, T˜2} ∈ 1(S) and an i ∈ {1, 2} such that
(i) every element of T˜1 is isomorphic to Fi .
(ii) every element of T˜2 is of type F3−i ⊗ F3,
(iii) the partition T˜1 is a reﬁnement of the partition T,
(iv) the partition T3 is a reﬁnement of the partition T˜2.
Hence every dense near polygonA of type (F1⊗F2)⊗F3 is also of type Fi ⊗ (F3−i ⊗F3)
for a certain i ∈ {1, 2}.
Proof. By Lemma 9,A is not a product near polygon. LetF ∗ denote an arbitrary element of
T, and let {T ′1, T ′2} ∈ 1(F ∗) such that every element of T ′i , i ∈ {1, 2}, is isomorphic to Fi .
Each elementF ofT is classical and hence projections can be deﬁned onF. The projectionF
fromF ∗ onF is an isomorphism betweenF ∗ andF. Put Ti := {F (G)|F ∈ T and G ∈ T ′i },
i ∈ {1, 2}, then Ti is a partition of A in geodetically closed sub-near polygons isomorphic
to Fi . For every point x of A and every i ∈ {1, 2, 3}, let Fi(x) denote the unique element
of Ti through x and put K(x) := F1(x) ∩ F2(x) and L(x) := C(F1(x), F2(x)) ∩ F3(x).
Since F1(x) and F2(x) are projections of elements of T ′1 ∪ T ′2 on the unique element F(x)
of T through x, we ﬁnd that K(x) is a line, that C(F1(x), F2(x)) = F(x) and that also
L(x) is a line. By Lemma 4 and the fact that A is not a product near polygon, it follows
that {L(x)|x ∈ F ∗} is a spread of symmetry of F ∗ and so Lemma 7 applies. Without
loss of generality, we may suppose that every line L(x), x ∈ F ∗, is contained in F2(x).
Now, choose a point x outside F ∗ and let x′ denote its projection on F ∗. Since L(x′) is
contained in F2(x′), the projection L(x) of L(x′) on F(x) is contained in the projection
F2(x) of F2(x′) on F(x). Hence, for every point x of A, F3(x) intersects F2(x) in a line.
By Lemma 6, it then follows that F˜2(x) := C(F3(x), F2(x)) is a glued near polygon of type
F2 ⊗ F3. The set T˜2 := {F˜2(x)|x ∈ A} clearly determines a partition of A in geodetically
closed sub-near polygons. Deﬁne T˜1 := T1. For every point x ∈ A, F1(x) ∩ F˜2(x) =
(F1(x)∩F(x))∩ F˜2(x) = F1(x)∩ (F (x)∩ F˜2(x)) = F1(x)∩F2(x) = K(x). By Lemma
5, it now follows that {T˜1, T˜2} ∈ 1(A). So, A is of type F1 ⊗ (F2 ⊗ F3). This proves the
lemma. 
5. Dense near polygons of order (2, ∗)
Each known dense near polygon of diameter at least twowhich is not a product near poly-
gon and not a glued near polygon either belongs to one of the inﬁnite classes
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HD(2n− 1, 4), QD(2n, 2), Hn, Gn, In (n2) or is isomorphic to one of the exceptional
near hexagons E1, E2 or E3. We refer to [12] for a description of these near polygons. The
classiﬁcation of dense near 2n-gons of order (2, ∗) is complete for n ∈ {2, 3}.
There are three generalized quadrangles of order (2, ∗) (see e.g. [14]):
• The 3× 3-grid L3 × L3 has order (2, 1). We have L3 × L3 ∼= I2.
• The generalized quadrangleW(2) has order (2, 2) or shortly order 2. Its points and lines
are the totally isotropic points and lines of a symplectic polarity in PG(3, 2) (natural
incidence). We haveW(2) ∼= QD(4, 2) ∼= H2.
• The generalized quadrangle Q(5, 2) has order (2, 4). Its points and lines are the points
and lines lying on an elliptic quadric in PG(5, 2) (natural incidence). We haveQ(5, 2) ∼=
HD(3, 4) ∼= G3.
In the sequel, the generalized quadrangles L3 × L3, W(2) and Q(5, 2) will often occur
as quads in other near polygons. We will refer to them as grid-quads, W(2)-quads and
Q(5, 2)-quads, respectively.
By [1], there are 11 dense near hexagons of order (2, ∗). These near hexagons are given
in the table below together with their local spaces (which are all isomorphic for the same
near hexagon) and their big quads. In QD(6, 2), E2 or HD(5, 4), the local spaces are
nondegenerate projective spaces. In L3 × L3 × L3,W(2)× L3,Q(5, 2)× L3 orQ(5, 2)⊗
Q(5, 2), the local spaces are crosses.An (i, j)-crossCi,j (i, j2) is the unique linear space
on i+j−1 points containing a line of length i, a line of length j, and (i−1)(j−1) additional
lines of length 2. The local spaces of E1 are isomorphic to the complete graph K12 on 12
points (regarded as linear space). The remaining local spaces are related to sets of points
in projective planes. For every set P of points in a projective plane PG(2, q), we deﬁne
LP as the linear space whose points are the points of P and whose lines are the lines of
PG(2, q) containing at least two points of P. The local spaces ofH3,G3 and E3 respectively
correspond with a set X1 of six points of PG(2, 2), the union X2 of three non-concurrent
lines in PG(2, 4) and the complement X3 of a hyperoval in PG(2, 4).
Lemma 11. Let x and y denote two points of a dense near polygon S of order (2, t). If x
is contained in a quad of order (2, i), i ∈ {1, 2, 4}, then y is also contained in a quad of
order (2, i).
Proof. By connectedness of S, it sufﬁces to prove the result for collinear points x and y. If
Q denotes an arbitrary quad through x, then C(Q, y) is either the quad Q itself or a hexH.
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Since, by the table, the local spaces in a hex are isomorphic there exists through y a quad
isomorphic to Q. 
6. Two inﬁnite classes of near polygons
If Z1 and Z2 are two sets of near polygons, then Z1 ⊗ Z2 denotes the (possibly empty)
set of all near polygons obtained by glueing an element of Z1 with one of Z2. The near
polygonsHD(2n−1, 4) andGn (n2) have spreads of symmetry, see, respectively [12,9].
Put now
D2 = {G2 ∼= HD(3, 4) ∼= Q(5, 2)},
Dn = {Gn,HD(2n− 1, 4)} ∪

 ⋃
2 in−1
Di ⊗Dn+1−i

 for every n3,
D=D2 ∪D3 ∪ · · ·
Lemma 12. Let A1 and A2 denote two dense near polygons and let A3 denote a dense
near polygon of type A1 ⊗ A2. If all modiﬁed local spaces of A1 and A2 are connected,
then also all modiﬁed local spaces of A3 are connected.
Proof. Let x denote an arbitrary point ofA3. Let F1(x) and F2(x) denote two geodetically
closed sub-near polygons through x such that F1(x) ∼= A1, F2(x) ∼= A2 and diam(F1(x)∩
F2(x)) = 1. Since ML(F1(x), x) and ML(F2(x), x) are connected, the point F1(x) ∩
F2(x) ofML(A3, x) can be joined with every other point ofML(A3, x). This proves the
connectedness ofML(A3, x). 
All modiﬁed local spaces in a product near polygon are disconnected. We can use this
fact to show that no element of D is a product near polygon.
Lemma 13. All modiﬁed local spaces of each element of D are connected. As a conse-
quence, no element of D is a product near polygon.
Proof. By the previous lemma, it sufﬁces to show this for the near polygonsHD(2n−1, 4),
n2, and the near polygons Gn, n3. Since all quads of HD(2n − 1, 4) are isomorphic
to Q(5, 2), all modiﬁed local spaces coincide with their corresponding local spaces and
hence are linear and connected. Now, consider the near polygon Gn with n3. By [9],
Aut(Gn) has two orbits on the line set. The lines of one orbit are called ordinary lines,
while the others are called special lines. An arbitrary point of Gn, n3, is incident with
n special lines and 3n(n−1)2 ordinary lines. These lines satisfy the following properties:(i) C(K,L) ∼= Q(5, 2) for every two different special lines K and L through x, (ii) if
M is an ordinary line through x, then there exists a unique pair {K,L} of special lines
through x such thatM ⊆ C(K,L). From these properties it is easily seen thatML(Gn, x)
is connected. 
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Deﬁne now
N := {O,L3,E3} ∪ D ∪ {QD(2n, 2)|n2} ∪ {Hn|n3} ∪ {In|n4}.
Let N× denote the set of all near polygons obtained by taking the direct product of some
members of N . All members of N× are dense.
Lemma 14. Every geodetically closed sub-near polygon of an element ofN× also belongs
to the class N×.
Proof. This lemma holds for each of the near polygons L3, E3 (see the table in Section 5),
QD(2n, 2) [3], HD(2n− 1, 4) [3], Gn [9], Hn [8] and In [12]. If the lemma holds for the
near polygons A1 and A2, then it also holds for the near polygon A1 ×A2 and any glued
near polygon of typeA1 ⊗A2 by Theorem 6 of [11] (to prove the latter statement, one can
also use Lemma 6). 
Lemma 15. None of the near polygons E3, QD(2n, 2), Hn, In (n2) has a spread of
symmetry.
Proof. Let S be one of these near polygons, let S be a spread of symmetry of S and let K
denote an arbitrary line of S. Every line of S is contained in a W(2)-quad. In particular,
there exists aW(2)-quad Q through K. By Lemma 2, SQ is a spread of symmetry of Q. But
in [5] it was shown thatW(2) has no spread of symmetry. So, we have a contradiction. 
If S is an element ofD, then we deﬁne	(S) as the set of all pairs {T1, T2} ∈ 1(S)with
the property that every element of T1 ∪ T2 belongs to D.
Proposition. If S is an element of D, then 	(S) = 1(S).
Proof. Let {T1, T2} denote an arbitrary element of 1(S) and let F denote an arbitrary
element of T1 ∪ T2. By Lemma 14, F belongs to N×. By Lemmas 8 and 13, F is not a
product near polygon. ByLemma 4,F has a spread of symmetry and hence is not isomorphic
to E3,QD(2n, 2),Hn or In for some n2, see Lemma 15.As a consequence, every element
of T1 ∪ T2 belongs to D. The proposition now follows from Lemma 5. 
7. The Proof of our Main Theorem
We will prove the following result which is equivalent to our Main Theorem by [12].
Theorem.LetS be a dense near 2n-gon, n4,with three points on each line and containing
a big geodetically closed sub near polygonF which is isomorphic to an element ofD. Then
either S ∼= F × L3, or S is isomorphic to an element of D.
If 	 := 	(F) = ∅, then S belongs to D by the main results of [10] and [13]. (S is
isomorphic to HD(2n − 1, 4), HD(2n − 3, 4) × L3 or the unique glued near polygon of
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type HD(2n− 3, 4)⊗Q(5, 2) if F ∼= HD(2n− 3, 4); S is isomorphic toGn,Gn−1 × L3
or the unique glued near polygon of type Gn−1 ⊗ Q(5, 2) if F ∼= Gn−1.) We therefore
suppose that
• 	 = ∅, so F is glued,
• S ∼= F × L3,
• no proper geodetically closed sub-near polygon of S violates our Main Theorem. (If this
were not so, then the reasoning described here would still be applicable to each minimal
violating geodetically closed sub near polygon in S, yielding an obvious contradiction.)
Lemma 16 (see e.g. Lemma 10 of [13]). Let G be a big geodetically closed sub-near poly-
gon of a dense near polygonA. Then every geodetically closed sub-near polygonG′ which
meets G either is contained in G or intersects G in a big geodetically closed sub near
polygon of G′.
Let V denote the set of allW(2)-quads orQ(5, 2)-quads which intersect F in a line.
Lemma 17. The set V is not empty.
Proof. Take an arbitrary point x in F . Since S ∼= F × L3, there exist two lines K and L
through x which are not contained in F . By Lemma 16 the quad Q := C(K,L) intersects
F in a line. Hence tQ + 13 and Q is isomorphic to eitherW(2) orQ(5, 2). 
Deﬁnitions. If T is a partition of F in isomorphic geodetically closed sub-near polygons,
then d(T ) denotes the diameter of an arbitrary element ofT. If T1 and T2 are two partitions of
F in geodetically closed sub-near polygons, then we say that (T1, T2) ∈ 	′ if {T1, T2} ∈ 	
and if exactly one of the following holds:
(a) Q ∩ F ∈ L1 ∩ L2 for everyQ ∈ V ,
(b) there exists a quadQ ∈ V such thatQ ∩ F ∈ L2 \ L1.
Here Li , i ∈ {1, 2}, denotes the set of lines of S which are contained in a sub near polygon
of Ti . If {T1, T2} ∈ 	, then 	′ contains at least one of the elements (T1, T2) and (T2, T1).
Since 	 = ∅, also 	′ = ∅.
Lemma 18. Suppose that (T1, T2) ∈ 	′.
(i) If (T1, T2) is of type (a), then for every element A of T2, there exists a quad QA ∈ V
such thatQA ∩ F ⊆ A andQA ∩ F ∈ L1 ∩ L2.
(ii) If (T1, T2) is of type (b), then for every element A of T2, there exists a quad QA ∈ V
such thatQA ∩ F ⊆ A andQA ∩ F ∈ L2 \ L1.
(iii) For every element A of T2, there exists a unique geodetically closed sub near 2(d(T2)+
1)-gon Aˆ through A such that Aˆ∩F = A. If A ∈ T2 and B ∈ T1, then Aˆ∩B is a line,
and every line which intersects Aˆ ∩ B in a point either is contained in Aˆ or B.
(iv) The set Tˆ2 := {Aˆ|A ∈ T2} is a partition of S in geodetically closed sub-near polygons.
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Proof. (i) Let A denote an arbitrary element of T2 and x an arbitrary point of A. Since
S ∼= F ×L3, there exist two lines K and L through x not contained in F . Using Lemma 16,
we see that the quad C(K,L) satisﬁes all required properties.
(ii) We will prove that if this property holds for a certain A ∈ T2 (with corresponding
quadQA), then it also holds for any B ∈ T2 at distance 1 from A. Property (ii) then follows
from the connectedness of F . Put LA := QA ∩F , let a denote an arbitrary point of LA and
let b denote the unique point of B collinear with a. SinceLA ∈ L2 \L1, the quad C(LA, b) is
a grid and hence contains a unique line LB through b disjoint with LA. Clearly, the line LB
belongs toL2\L1 and is contained in B.Wewill now construct an elementQB of V through
LB . By Lemma 16, the grid-quad C(LA, b) is big in the hex C(QA, b). By the classiﬁcation
of dense near hexagons of order (2, ∗) it then follows that C(QA, b) ∼= QA × L3. Hence
the hex C(QA, b) contains a unique quadQB ∼= QA through LB . ClearlyQB ∈ V .
(iii) Let A denote an arbitrary element of T2. Then there exists a quadQ ∈ V intersecting
A in a line K with K ∈ L1 ∩ L2 if (T1, T2) is of type (a) or K ∈ L2 \ L1 if (T1, T2) is of
type (b). Let x denote an arbitrary point of K. Clearly, C(A,Q) intersectsF in A. In order to
prove that C(A,Q) is the sub near polygon which satisﬁes all required properties, it sufﬁces
to show that C(A,L) = C(A,Q) for any line L through x not contained in F . If (T1, T2) is
of type (a), consider then inQ a lineL′ through x different fromK and L. The quad C(L,L′)
intersects F in the line K. Hence L ⊆ C(L′,K) = Q and C(A,L) = C(A,Q). Suppose
now that (T1, T2) is of type (b) and that L is not contained in Q. By Lemma 16 the hex
H := C(Q,L) intersects F in a big quadQ′ through K. In H there are at least three quads
through K (namely Q, Q′ and C(K,L)) and not all these quads are grids. So, H cannot be
isomorphic to L3 × L3 × L3, W(2) × L3 or Q(5, 2) × L3. By the classiﬁcation of dense
near hexagons of order (2, ∗), it then follows that H contains no big grid-quad. So, Q′ is
isomorphic to either W(2) or Q(5, 2). Since K ⊆ L2 \ L1, Q′ must be contained in A.
Hence, C(A,L) = C(A,H) = C(A,Q).
(iv) It sufﬁces to prove that every point x outside F is contained in a unique element of
Tˆ2. If x′ denotes the unique point of F nearest to x and A the unique element of T2 through
x′, then x ∈ C(A, x′x) = Aˆ. If there were two different elements A1 and A2 in T2 such
that x ∈ Aˆ1 ∩ Aˆ2, then x would be collinear with two different elements of F (notice that
Ai , i ∈ {1, 2}, is big in Aˆi by Lemma 16), contradicting the fact that F is geodetically
closed. 
Let (T1, T2) be an element of	′ with d(T1) as small as possible. LetG denote an arbitrary
near 2 d(T1)-gon of T1. If 	(G) = ∅, then we can apply Lemmas 10 and 13 and we ﬁnd
that there exists an element {T˜1, T˜2} ∈ 	(F) with d(T˜1) < d(T1) and such that T2 is a
reﬁnement of T˜2. This latter property implies that (T˜1, T˜2) ∈ 	′. But this contradicts our
assumption on the minimality of d(T1). So, 	(G) = ∅ and G is isomorphic to an element
of the set {HD(2m − 1, 4)|m2} ∪ {Gm|m3}. We have shown earlier that there exists
a unique partition Tˆ2 of S in geodetically closed sub near 2(d(T2) + 1)-gons, such that
Aˆ ∩ F ∈ T2 for every Aˆ ∈ Tˆ2. We will now extend the partition T1 of F to a partition
Tˆ1 of S.
Lemma 19. The partition T1 of F can be extended to a partition Tˆ1 of S such that every
element of Tˆ1 intersects every element of Tˆ2 in a line.
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Proof. For every point x of F , we deﬁne Fˆ1(x) as the unique element of T1 through x.
Suppose now that x is a point outsideF . Let Fˆ2(x) denote the unique element of Tˆ2 through
x and let x′ denote the unique point of F collinear with x. By Lemma 16, C(Fˆ1(x′), x)
contains Fˆ1(x′) as a big geodetically closed sub-near polygon.We distinguish the following
cases.
• Ifd(T1) = 2, then Fˆ1(x′) ∼= Q(5, 2) andC(Fˆ1(x′), x) is isomorphic to eitherQ(5, 2)×L3,
Q(5, 2) ⊗ Q(5, 2), G3, E3 or HD(5, 4). By property (iii) of Lemma 18, every line of
C(Fˆ1(x′), x) through x′ is contained in one of the quads Fˆ1(x′) and C(Fˆ1(x′), x)∩ Fˆ2(x).
So, C(Fˆ1(x′), x) must be isomorphic to eitherQ(5, 2)× L3 orQ(5, 2)⊗Q(5, 2).
• If d(T1)3, then C(Fˆ1(x′), x) is isomorphic to eitherG×L3 orG⊗Q(5, 2) by the main
results of [10,13].
In any case, there exists a unique geodetically closed sub-near polygon Fˆ1(x) inC(Fˆ1(x′), x)
satisfying: (i) x ∈ Fˆ1(x), (ii) Fˆ1(x) is isomorphic toG and (iii) Fˆ1(x) is disjoint with Fˆ1(x′).
Clearly, the set Tˆ1 of all sub-near polygons Fˆ1(x), x ∈ S, is a partition of S in sub-near
polygons isomorphic to G. It is also clear that every element of Tˆ1 intersects every element
of Tˆ2 in a line. 
Lemma 20. If Aˆ ∈ Tˆ1 ∪ Tˆ2, then either Aˆ belongs to D or Aˆ ∼= E3.
Proof. Every element of Tˆ1 is isomorphic to G and hence belongs to D. Suppose therefore
that Aˆ ∈ Tˆ2. We know that A := Aˆ ∩ F is big in Aˆ, that tAˆ tA + 2 and that A belongs to
D. If d(T2)3, then Aˆ belongs to D since we assumed that no proper geodetically closed
sub-near polygon violates our Main Theorem. If d(T2) = 2, then A ∼= Q(5, 2) and by
the classiﬁcation of dense near hexagons of order (2, ∗) and the fact that t
Aˆ
 tA + 2, we
have that Aˆ is isomorphic to Q(5, 2) ⊗ Q(5, 2), G3, E3 or HD(5, 4). Again the lemma
holds. 
The following lemma ﬁnishes the proof of our Main Theorem.
Lemma 21. (i) If Aˆ ∈ Tˆ1 ∪ Tˆ2, then every modiﬁed local space of Aˆ is connected.
(ii) All modiﬁed local spaces of S are connected. As a consequence S is not a product
near polygon.
(iii) If G1 ∈ Tˆ1 and G2 ∈ Tˆ2, then S is of type G1 ⊗G2.
(iv) The near polygons G1 and G2 belong to D. As a consequence also S belongs to D.
Proof. (i) Since E3 does not contain grid-quads, all its modiﬁed local spaces are linear and
connected. Lemmas 13 and 20 now ﬁnish the proof of (i).
(ii) Let x denote an arbitrary point of S and let Aˆi , i ∈ {1, 2}, denote the element
of Tˆi through x. SinceML(Aˆ1, x) andML(Aˆ2, x) are connected, the point Aˆ1 ∩ Aˆ2 of
ML(S, x) canbe joinedwith every other point ofML(S, x).This proves the connectedness
ofML(S, x).
(iii) This follows from (ii) and Lemma 5.
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(iv) By Lemma 4, each element of Tˆ1 ∪ Tˆ2 must have a spread of symmetry. Since E3
has no spread of symmetry (see e.g. Lemma 15), each element of Tˆ1 ∪ Tˆ2 must belong to
D, see Lemma 20. Our Main Theorem now follows from (iii). 
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